We establish the equivalence between the problem of a potential scatterer in a Luttinger liquid of spinless repulsive fermions and an anisotropic Kondo model where the value of the impurity spin is determined by the scaling dimension of the scattering potential. The Bethe ansatz is used to derive non-perturbative expressions for the capacitance C(V ) and the conductance G(V) (V is the voltage).
As in the Kondo effect, the reflection in a one-dimensional Luttinger liquid is perfect only at T = 0, V = 0 (V is the voltage across the system); at nonzero temperatures or voltages there is a finite conductivity through the impurity center: G(ω, V, T ) ∼ max(ω, T, V ) 2λ [1, 2] , with λ > 1. In this letter we use exact methods to study electrostatic and transport properties of an impurity center in a one-dimensional Luttinger liquid of spinless particles. As would be expected the system behaves in a very nonlinear fashion. We calculate the exact crossover functions at T = 0 for the electric charge Q(V ) and the current I(V ) through the barrier. It turns out that in the limit V → 0 (i) the capacitance C 0 = lim V →0 Q/V is finite and determined by the strength of the potential and by the parameters of the Luttinger liquid, (ii) the conductance through the impurity center decreases at small V as a power law G ∼ V 2λ . The finiteness of the capacitance allows us to achieve good transport through the impurity at finite frequences. Since the real part of the resistance of the barrier is given by
at sufficiently low temperatures T < (ωC) 1/2λ one enters into a regime of good conductance.
Let us consider a model of spinless fermions with a repulsive interaction in the presence of a single potential scatterer placed at x = 0. In the continuous limit, where only relevant interactions are kept, this model is described by the following effective action:
This effective action can be further simplified by introducing symmetric and antisymmetric phase combinations:
Then the nontrivial part of the action (2) contains only φ + and acquires the following form:
This model is a particular case of the so-called boundary sine-Gordon (BSG) model solved exactly in Refs. 3, 4: 
Here ∆ = β 2 /8π is the conformal dimension of the boundary term. The quantities g 1 , g 2 are non-universal parameters related to the bulk and boundary masses m and M and the cut-off. The integer number N 0 is proportional to the length of the system L. The quantities u a (rapidities) determine energy eigenvalues of the system:
In the ground state M ′ = N 0 /2 → ∞ and therefore the rapidities u a do not represent physical excitations.
In what follows we shall be interested only in the case where the bulk mass is zero m = 0. This limit can be obtained by setting
We restrict our attention to the case ∆ = 1/(1 + λ) where λ > 1 is an integer.
Then Eqs.(6) may be regarded as a result of diagonalization of the following transfer matrix:
where the trace is taken with respect to indices of the zeroeth particle. The twobody scattering matrix R (1,1) describes a scattering of two spin-1/2 particles; the matrix R (1,λ) describes a scattering of spin-1/2 and spin S = λ/2 particles. These matrices are solutions of the Yang-Baxter equation and have the following form:
,
where in our case S = λ:
where the constants I , I ⊥ (I > I ⊥ ) are related to ∆ and g
1 in a non-universal way. We regard the equivalence between the boundary sine-Gordon model (5) with the zero bulk mass m = 0 and the anisotropic Kondo model (10) as rather unexpected. This equivalence may give a clue for constructing other exactly solvable boundary problems.
In the thermodynamic limit solutions of Eqs.(6) consist of solutions with a constant imaginary part ("shifted" rapidities)
and "strings"
The ground state is filled with shifted rapidities. To describe excitations in the thermodynamic limit we introduce the distribution functions of holes in the ground state ρ 0 (u) (they correspond to solitons) and shifted rapiditiesρ 0 (u) as well as the distribution functions ρ n (u) of real parts of strings u (n) and their holesρ n (u)(n = 1, 2, ...λ) (note the difference in the notations between solitons and other particles). In the sine-Gordon model notations the distributions with 0 < n < λ correspond to breathers and ρ λ describes antisolitons. The equations for these distribution functions have the following form:
where the star denotes a convolution
and the Fourier images of the kernels are
Notice that the present expressions for the kernels B 0n , f 0 , f λ are different from the ones given in Ref. 3 .
The original Bethe ansatz equations (6) depend explicitly on the number M ′ .
The quantity which is proportional to L in the thermodynamic limit and vanishes in the ground state is
In the conventional sine-Gordon model Q is proportional to the topological charge, the latter being the number of solitons minus the number of antisolitons. In the boundary problem the topological charge is not conserved because solitons can transform into antisolitons and vice versa when scattering on the boundary. Therefore it may appear difficult to find a physical meaning for a field conjugated to θ in the boundary problem. Here the equivalence with the Kondo model comes to our help. For the Kondo model we know that Q represents the z-projection of the total spin, i.e. it includes spins of the electrons and the impurity. We also know that if T K << N 0 /L (the latter quantity is the bandwidth) the relative contribution of the impurity to the magnetic susceptibility is much greater than that of the electrons. For this reason in the Kondo problem one can consider a magnetic field as acting on the impurity spin only. Acting in a similar way one can consider the impurity part of Q as the electric charge associated with the boundary and consider it as a quantity conjugated to the potential difference through the barrier eV .
At T = 0 the only nonvanishing densities are ρ 0 andρ 0 , the former being non-zero only in the interval (b, ∞), where b is determined by the bulk charge susceptibility and V . As follows from Eqs.(13) these two densities satisfy the following integral equation:
The limit b is determined by the charge-voltage relationship in the bulk:
where χ is the charge susceptibility of the Luttinger liquid. Equation (16) is a standard Wiener-Hopf equation of the type discussed in great detail in the literature, for example, in Refs. 5,6. As we have said, the electrical charge on the impurity is related to the impurity part of Q:
where 
The result for Q imp can be written as two different series expansions
It follows from Eq.(20) that the capacitance at V = 0 is finite:
Now we calculate the current through the barrier using the expression derived 
At large V the conductance achieves its maximum value G max = 2e 2 (v F χ)/(λ+1).
For the model of spinless fermions the quantity (v F χ) is related to the conformal dimension of the perturbation:
Therefore the maximal conductance is equal to 
For large charges the exponent changes:
(30)
